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Abstract. We consider embeddings of 3-regular graphs into 3-dimensional Cartesian coordinates, in such a way 
that two vertices are adjacent if and only if two of their three coordinates are equal (that is, if they lie on an 
axis-parallel line) and such that no three points lie on the same axis-parallel line; we call a graph with such an 
embedding an xyz graph. We describe a correspondence between xyz graphs and face-colored embeddings of the 
graph onto two-dimensional manifolds, and we relate bipartiteness of the xyz graph to orientability of the underlying 
topological surface. Using this correspondence, we show that planar graphs are xyz graphs if and only if they are 
bipartite, cubic, and three-connected, and that it is NP-complete to determine whether an arbitrary graph is an xyz 
graph. We also describe an algorithm with running time 0{n2"^^) for testing whether a given graph is an xyz graph. 

1 Introduction 

Consider a finite point set V in M? with the following property: every axis-parallel line in contains either 
zero or two points of V. For instance, the vertices of an axis-aligned cube have this property. Then V defines 
the vertex set of a cubic (that is, 3-regular) graph, in which two vertices are adjacent if and only if two of 
their three coordinates are equal; each vertex v is connected to the three other points of V that lie on the 
three axis-parallel lines through v. We call such a graph an xyz graph. Figure[T]depicts the three possible xyz. 
graphs (up to graph isomorphism) other than the cube with coordinates in {0, 1,2}^. 





Fig. 1. The three possible xyz graphs (up to isomorphism) other than the cube with coordinates in {0, 1,2}^ 



We are interested in drawings of this type for several reasons. 

- From the point of view of graph drawing, three-dimensional orthogonal drawings [2,3,7, 10, 11,22,28- 
30] and more generally drawings with very few edge orientations [9] are significant objects of study. 
However, past work on three-dimensional orthogonal drawing requires bends, in which edges follow 
axis-aligned polygonal paths rather than simple Une segments. An xyz graph provides a particularly sim- 
ple and well-characterized form of bendless three-dimensional orthogonal drawing. In xyz graphs, unlike 
much other work on three-dimensional drawing, edges may cross, but this raises no ambiguities in inter- 
preting the drawing, because there are no bends allowed on edges; edge crossings can be distinguished 
visually from vertices by whether the line segments of the drawing terminate at that point. 



- Placing processors at the points of an xyz graph may be of use in three-dimensional layout of parallel pro- 
cessing intercommunication networks [5], providing a layout in which all connected pairs of processors 
have an open line of sight between each other. For instance, we show that the even-dimensional cube- 
connected-cycles networks, highly regular cubic graphs of some importance in parallel processing [25], 

have xyz graph layouts. 

- In graph theory, the graphs defined from a planar point set by connecting two points by an edge when 
they share an x- or y-coordinate are exactly the fine graphs of bipartite graphs, a class of graphs crucial 
in the characterization of perfect graphs [6]. The xyz graphs are defined from a natural three-dimensional 
generalization of this construction. As we show, they also have an unexpected connection to topological 
graph theory [4, 17] and graph coloring [19, 21], in that any xyz graph corresponds to a three-coloring 
of the faces of an embedding of a graph on a 2-manifold; such face-colored embeddings arise naturally 
from the GEM (graph-embedded map) representation of arbitrary 2-manifold embeddings of graphs [4, 
12]. And, since xyz graphs form a naturally-defined class of cubic graphs, greater understanding of xyz 
graphs has the possibility of shedding light on other cubic graph classification problems, such as that of 
enumerating the cubic partial cubes [13]. 

2 New results 

- We prove an equivalence between the graphs that can be embedded in as xyz graphs and the graphs 
that can be embedded on two-dimensional surfaces as the boundaries of certain 3 -face-colored cell 
complexes, which we call xyz surfaces. Using this equivalence, we may use topological tools to study 
the existence of xyz graph embeddings; for instance we show that an xyz graph is bipartite if and only if 
the corresponding xyz surface is orientable. 

- We provide several examples of xyz graphs, including the graph-encoded maps representing surface 
embeddings of graphs, the cube-connected cycles of even order, and the skeletons of polyhedra with 
even faces. 

- We show that it is NP-complete to determine whether a given graph can be embedded in as an xyz 
graph. 

- We provide an algorithm with running time 0{n2"/-^) for determining whether a given graph can be 
embedded in as an xyz graph. 

- We show that any cubic graph can be covered by an xyz graph and that any cubic map can be covered by 
an xyz surface. 

3 Topology of xyz graphs 

If G is an undirected graph, and C is a multiset of simple cycles in G, we may define a cell complex as 
a disjoint union of points, line segments, and disks: one point for each vertex, one line segment for each 
edge, and one disk for each cycle, glued together topologically according to the connection pattern given 
by G. For instance, if G is a cube graph (having eight vertices and twelve edges), and C is the set of four- 
cycles in G, the surface we get can be realized as the set of vertices, edges, and facets of a geometric cube. 
However, complexes of this type may be defined independently of any embedding of the whole complex into 
three-dimensional space. If, further, every point on the cell complex has a neighborhood that is topologically 
equivalent to an open disk, it is called a 2-manifold (without boundary). In graph theoretic terms, the cell 
complex is a manifold whenever two conditions are satisfied: 

1 . Each edge of G must belong to exactly two cycles of C. 

2. At each vertex v of G, one can reach any incident edge from any other incident edge by a chain of 
edge-face-edge steps in which each edge and face is also incident to v. 
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Fig. 2. Three xyz surfaces, each with the topology of the torus. In each case, the torus is depicted as cut 
and unrolled into a rectangle; the corresponding topological surface is formed by gluing opposite pairs of 
rectangle edges. 

The second condition prevents nonmanifold complexes such as those formed by two polyhedra that meet 
at a single vertex. If G is a cubic graph, the second condition is satisfied automatically, and only the first 
condition is needed. We call the cell complex defined from G and C an embedding of G onto a manifold, 
and we call the cycles of C ihe, faces of the embedding. Topological graph theory [4, 17] studies embeddings 
of graphs onto manifolds of this type. 

We define an xyz surface to be an embedding of a cubic graph G onto a manifold, defined by a collection 
of faces C, with the following additional properties. 

1 . Any two faces intersect in either a single edge of G or the empty set. 

2. The faces of C can be assigned three colors such that no two faces sharing an edge have the same color. 

The first of these two properties is commonly referred to in the topological graph theory literature by 
saying that the embedding must be polyhedral (see., e.g., [20]). For non-cubic graphs, polyhedral embed- 
dings may also include pairs of faces that intersect in a single vertex, but this cannot happen in a cubic graph. 
Craft and White [8] have studied a similar 3-coloring condition on orientable maps without the polyhedral 
condition. 

Figure [2] depicts three xyz surfaces, all topologically equivalent to tori. The leftmost is an embedding of 
the Pappus graph onto a torus, with nine faces and 18 vertices; the same graph is shown as the rightmost 
graph of Figure [T] The middle surface shows the embedding of a graph with twelve faces, 24 vertices, and 
36 edges. The right surface is a torus embedding of the 64-vertex four-dimensional cube-connected cycles 
network. 

Theorem 1. A cubic graph G is an xyz graph if and only ifG can be embedded as an xyz surface. 

Proof. Suppose that G is an xyz graph; we must show that G can be embedded as an xyz surface. Fix a 
particular xyz graph representation of G. We let C consist of the cycles in G that use only two of the three 
orientations in the xyz graph representation; that is, each such cycle lies in a plane parallel to two coordinate 
axes. Each edge of G belongs to two such cycles, one for each of the coordinate planes to which it is parallel; 
therefore, since G is cubic, C forms an embedding of G onto a manifold. The cycles of C can be colored 
according to the coordinate planes they are parallel to. Since the cycles of G in any single coordinate plane 
are disjoint, two cycles can have a nonempty intersection only if they belong to different planes; in that case, 
the intersection must lie on the axis-parallel line formed by the intersection of the two planes containing the 
cycles, and consists of the edge of G that lies on that same line. 

Conversely, suppose that G is embedded as an xyz surface, with cycle set C; we must find an xyz graph 
representation for G. Let X, F, and Z be the three monochromatic subsets of C, and let the faces in C be 
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Fig. 3. Nine-sided polyhedron with the same face structure as the xyz surface formed from the graph in the 
center of Figure [T] 

numbered /o,/i , . . .. Each vertex v in G is incident to exactly three faces: in X, fj in Y , and fk in Z for some 
i,j,k. We assign v the three-dimensional coordinates {i,j,k). If two vertices u and v are adjacent, they share 
the two coordinates determined by the two faces containing edge uv, and therefore lie on an axis-parallel 
line of the embedding of G into M?. Conversely, if two vertices u and v are not adjacent, they can lie on at 
most one face of C (else the faces they lie on would intersect in more than one vertex) and therefore have 
at most one coordinate in common, so they do not lie on an axis-parallel line. Thus, the three axis-parallel 
lines through each embedded vertex v each contain exactly two points, which are the neighbors of v, so the 
embedding forms an xyz graph representation of G. □ 

For instance, we can conclude from this result and the rightmost xyz surface in Figure [2] that the four- 
dimensional cube-connected cycle graph is an xyz graph. In the other direction, the three xyz graphs depicted 
in Figure[T]form xyz surfaces that are (in left to right order) a surface on the projective plane (resembling the 
Roman surface in its geometric arrangement), a spherical surface combinatorially equivalent to a polyhedron 
with three hexagonal facets and six quadrilateral facets (Figure [3]l, and an embedding of the Pappus graph 
on the torus combinatorially equivalent to the leftmost xyz surface of Figure |2] 

The embedding of Theorem [T] can be used to embed any xyz graph into an ^ x ^ x ^ grid. To see this, 
observe that each face of an xyz graph or an xyz surface must have even length, because it alternates between 
edges parallel to two different coordinate axes in the case of an xyz graph, and between edges incident to 
pairs of faces with two different sets of colors in the case of an xyz surface. Since the minimum length of 
a face in an embedding of a simple graph, three, is not an even number, all faces must have length at least 
four. Thus, the number of faces in in any color class of an xyz surface coloring is at most n/4: each vertex 
belongs to one face of that color, but each face contains at least four vertices. Since each face provides a 
value for one of the coordinates in the grid embedding, the number of distinct values for each coordinate is 
therefore also at most n/4. However this bound is tight only for the cube, the only xyz surface in which all 
faces are quadrilaterals: any other xyz surface has a face with more than four vertices, and therefore has a 
color class with fewer than ?i/4 faces, leading to an embedding on a grid with fewer than n/4 distinct values 
in one of the coordinates. For many graphs, it is possible to find multiple xyz graph embeddings that differ 
geometrically, although they are combinatorially and topologically equivalent, by permuting the coordinate 
values that correspond to the faces of C. Additionally, in some cases, smaller grids may be obtained by using 
equal coordinate values for multiple faces of the same color. We do not consider problems of choosing these 
coordinate values in order to improve some aspect of the resulting graph drawing in this paper, but such 
problems are a natural subject for future work. 

For many of the subsequent results, we will find it more convenient to work topologically, in terms of 
xyz surfaces, and less convenient to work geometrically, in terms of an explicit xyz graph representation. 
However, in situations where an xyz graph representation is desired (e.g. as the output of a graph drawing 
algorithm) it may easily be reconstructed using the face-numbering technique of the proof above. 
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4 Properties of xyz graphs 



Theorem 2. Every xyz graph is triangle-free. 

Proof. The edges of a triangle must be mutually perpendicular, as each pair of edges meets at a vertex. But 
then, if one follows a path around the triangle starting from one of its vertices, in an xyz graph embedding, 
each step of the path changes one of the three coordinates, and each coordinate is changed exactly once, so 
the path cannot return to its starting point, a contradiction. □ 

Lemma 1. Let abc be a path of three vertices in an xyz graph G, and let d be a vertex ofG distinct from a, 
b, and c. Then there exists a path in G that starts at a, ends at c, and does not pass through either b or d. 

Proof. If d does not belong to the face of G that contains edges ab and be, we may choose as our path the 
complementary set of edges in the same face. Otherwise, let e be the third neighbor of b in G, and form a 
path by concatenating the complementary set of edges to edges ab and be in the face shared by those two 
edges, together with the complementary set of edges to edges be and be in the face shared by those two 
edges. Neither of these two faces can contain d, as then they would intersect the face containing ab and be 
in more than a single edge. □ 

Theorem 3. Every connected xyz graph is 3 -vertex-connected. 

Proof. Let s and t be two vertices in an xyz graph G from which two other vertices u and v have been deleted. 
We must show that there still remains a path from stot. Let P be a path in G that connects stot.lfP contains 
u, we may apply Lemma[T]to the segment of P formed by the two edges incident to u, replacing it by another 
path that avoids u. Similarly, if P contains v, we may apply Lemma[T]again, replacing it by another path that 
avoids V without adding any additional component of path through u. Thus, since we can connect any two 
vertices after the removal of any other two vertices, the graph is 3-vertex-connected. □ 

We conclude this section with an interesting connection between bipartiteness and topology. An orien- 
tation of a graph embedding onto a surface, described by a set of cycles C, can be described as a choice of 
orientation for each edge in each cycle, such that each cycle of C is given a consistent cyclic orientation, 
and such that the two cycles shared by any edge e assign opposite orientations to e. A surface is orientable 
if graphs embedded on it may be oriented in this way; for instance the sphere and torus are orientable, while 
the projective plane is not. 

Theorem 4. Let G be a graph embedded onto an xyz surface. Then G is bipartite if and only if the surface 
is orientable. 

Proof. Let G be a bipartite xyz graph; we must show that the corresponding xyz surface is orientable. Color 
the vertices of G black and white, then we can orient the faces in xj-parallel planes from black to white in 
the X direction and from white to black in the y direction, in jcz-parallel planes from white to black in the x 
direction and from black to white in the z direction, and in yz-parallel planes from black to white in the y 
direction and from white to black in the z direction; the result is a consistent orientation of all faces of the 
graph. 

Conversely, suppose that G is embedded as an xyz graph on an orientable surface; we must show that 
G is bipartite. Once we orient all faces of the graph, the same correspondence described above can be used 
to color the vertices of G; the consistency of the orientation will lead to a consistent two-coloring of the 
graph. □ 

A standard result in topology is that 2-manifolds may be classified by their orientability and their Euler 
characteristic \V\ — \E\ + |C|, so from Theorem|4]it is straightforward to determine the topological type of 
any xyz embedding by computing the Euler characteristic of the embedding and testing the bipartiteness of 
the graph. 
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5 Algorithms for xyz embedding 



As we now show, there exist efficient algorithms to determine whether an embedded surface is an xyz surface, 
or whether a partition of the edges of a graph into three perfect matchings can be used as the three parallel 
classes of edges in an xyz graph. However, it is not so easy to find an xyz graph representation for an initially 
unlabeled graph. 

Theorem 5. Let G be a connected undirected n-vertex graph, and let C be a collection of cycles in G. Then 
in time 0{n) we may determine whether C is the set of cycles of an xyz surface embedding of G, and if so 
construct an xyz graph representation ofG. 

Proof. We first check that G is a cubic graph and that C covers each edge of G exactly twice. Next, we assign 
arbitrary index numbers to the cycles in C. Each edge has an associated pair of index numbers, which we 
order lexicographically. We may sort the edges of G according to this lexicographic ordering in linear time, 
by two passes of bucket sorting; in the resulting sorted order, if some pairs of edges both belong to the same 
two cycles, at least one such pair will appear consecutively. Thus, by performing this sorting algorithm and 
then testing adjacent pairs of edges in the sorted order, we may verify in linear time that each pair of cycles 
intersects in at most a single edge. 

To test 3 -color ability of the cycles in C, we apply the following algorithm. We store a set of the available 
colors for each cycle (initially, all three colors are available for each cycle), and a list L of cycles that have 
only one remaining color. We will color the cycles in some order; whenever we color a cycle we remove that 
color from the available colors of all cycles that share an edge with it, and update L whenever that removal 
causes an adjacent cycle to have only one remaining available color. We begin this sequence of color choices 
by choosing arbitrarily two cycles that share an edge, and assigning arbitrarily two different colors to those 
two cycles. Then, as long as L remains nonempty, we remove a cycle from L, and assign it the one color that 
is available to it. 

If this process terminates with a 3-coloring of all faces in C, we have found an xyz surface representation 
for G. Conversely, suppose that G has an xyz surface representation: we argue that this process will neces- 
sarily find a correct 3-coloring of all faces. To show this, permute the colors of the coloring if necessary so 
that they match the colors chosen for these faces at the start of the algorithm. Clearly, every color choice 
subsequent to that is forced, so the algorithm can never choose an incorrect color for a face, and therefore 
also can never eliminate the correct color for any face; the only way it could fail to 3-color all faces would be 
if it terminated with L empty before coloring all faces. But if / is any face of C, let p be any path connecting 
a vertex of the shared edge of the first two colored faces with any vertex of /. At any stage in the algorithm 
until / has been colored, let v be the vertex of p that is closest along the path to the first two colored faces, 
and that is incident to an uncolored face /'; then the two differently-colored neighboring faces of /' at v 
would force /' to belong to L. Thus, L cannot be empty until / is colored, but since this is true for any face 
/ the algorithm cannot terminate when given as input a 3-colorable surface embedding until all faces are 
colored. □ 

Corollary 1. Let G be a connected undirected n-vertex graph, and let E\, E2, Ej be a partition of the edges 
ofG into three matchings. Then in time 0{n) we may determine whether there is an xyz graph representation 
ofG in which each set Ej is the set of edges parallel to the ith coordinate axis. 

Proof. For each pair Ei and Ej, EiUEj is a disjoint union of cycles; we let C be the set of cycles formed in 
this way for all three pairs of matchings, and apply Theorem[5]to this set of cycles. □ 

Lemma 2. Let G be a biconnected cubic graph. Then there are at most 2^"^^^/^ partitions of the edges ofG 
into three perfect matchings, and these partitions may be listed in time 0(2"/^). 
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Proof. We compute an if-numbering of G [15]; that is, an ordering of the vertices of G in which each vertex, 
except for the ones at the start and the end of the sequence, has a neighbor that occurs earlier in the sequence 
and a neighbor that occurs later in the sequence. We define a split vertex to be one with one previous neighbor 
and two later neighbors, and a merge vertex to be one with two previous neighbors and one later neighbor. If 
there are k split vertices there would he. ?> + 2k + [n — k — 2) edges, as the first vertex in the if-numbering is 
the earlier endpoint of three edges, the split vertices are each the earlier endpoint of two edges, the n — k — 2 
merge vertices are each the earlier endpoint of only one edge, and the final vertex in the 5f-numbering is the 
earlier endpoint of no edges. Observing that the graph has 3n/2 edges total and solving for k, we find that 
there must be exactly (« — 2) /2 split vertices. 

To list all partitions, we then perform a backtracking algorithm in which we assign the edges to partitions 
in order by their earlier endpoints in the i^f-numbering; once we make an assignment for an edge e we 
recursively list all partitions for edges occurring later in this ordering before backtracking and trying an 
alternative assignment for e (if an alternative exists). If this backtracking process ever reaches a contradictory 
state in which no possible assignment is available from an edge, it backtracks without recursing. 

At the initial vertex of the 5^?-numbering, the backtracking algorithm has no choices to make: it can 
partition the incident edges into three disjoint subsets in only one way. At the final vertex, there is again no 
choice to make, because all incident edges must already have been partitioned. And at each merge vertex, 
there is no choice to make, because there are two incident edges which must already have been placed into 
two sets of the partition, and the third incident edge can only go in the third set of the partition. Thus, the 
only branch points of this backtracking algorithm are the split vertices, at which the two edges for which the 
vertex is the earlier endpoint must be assigned to the two remaining partition sets, in either of two different 
ways. 

Since the algorithm makes a binary choice at each of {n — 2) /2 levels of its recursion, its total time is 
0(2"/^). The number of partitions listed is at most the number of leaves in a binary tree of height {n — 2) /2, 
which is 2("-2)/2. □ 

Greg Kuperberg (personal communication) has pointed out that the prisms over n /2-gons form bicon- 
nected cubic graphs with il(2"/^) partitions into three perfect matchings, showing that this bound is tight to 
within a constant factor. 

Theorem 6. We can test whether a given unlabeled graph is an xyz graph, and if so find an xyz graph 
representation of it, in time C?(?i2"/^). 

Proof. We list all partitions into matchings using Lemma |2] and test whether any of them can be used to 
define an xyz graph representation using Corollary [T] □ 

We have implemented our algorithms for listing all partitions of a cubic graph into perfect matchings 
and for testing whether a given graph is an xyz graph, using the Python programming language. The imple- 
mentation is available online at http://www.ics. uci.edu/^eppstein/PADS/xyzGraph.py 

6 Cayley graphs 

A Cayley graph is a graph having as its vertices the members of a finite group, and its edges determined 
by a subset of generators for that group; there is an edge from g to gs whenever g is a group element and s 
is one of the chosen generators. An example is shown in Figure |4} the Cayley graph of a 96-element group 
embedded on a double torus. This group was shown by Tucker [27] to be the unique group for which the 
minimal genus of any embedding of a Cayley graph on a surface is two. The colors of the edges in the 
figure show the partition of the edges of the graph according to which generator they are formed by; each 
generator is self-inverse. The embedding shown in the figure is an xyz surface: the faces of the embedding 
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Fig. 4. The Cayley graph of the automorphism group of the Mobius-Kantor graph G(8,3), embedded on 
a double torus [27]. The partition of the faces into red-green rectangles, red-yellow hexagons, and yellow- 
green 16-gons shows that this embedding is an xyz surface. Sculpture "Tucker's Genus Two Group" by 
DeWitt Godfrey and Duane Martinez, at the Technical Museum of Slovenia; photograph by the author. 

are bounded by edges formed by only two of the three generators, and can be partitioned into three color 
classes according to which two generators form the edges bounding each face. Therefore, this Cayley graph 
is an xyz graph. 

Another example, the cube-connected cycles network CCC„, of importance in parallel processing [25], 
is formed by replacing every vertex of a hypercube by a cycle. It consists of ?i2" nodes that can be indexed by 
pairs of numbers (x^y) where < a; < 2" and < j < n; the neighbors of node {x^y^ are (jc, (j + 1) mod n), 
{x^iy — 1) modn), and {x®Vy\ where © denotes bitwise exclusive or; this is a Cayley graph for the 
group of operations on «-bit binary words generated by single-bit rotations of the word and flips of the first 
bit of the word [1]. The cube-connected cycles of order three (Figure [5]) cannot be an xyz graph, as it is not 
triangle-free, but we have already seen (Figure |2j right) that the cube-connected cycles of order four is an 
xyz graph. 

Theorem 7. Let n be any even number greater than or equal to four Then the cube-connected cycles net- 
work CCCn is an xyz graph. 

Proof. We define a set of faces C, consisting of the ?i- vertex cycles Cx = {{x,y) | < y < «} for each x in the 
range Q <x <2', and the eight- vertex cycles ex,i consisting of the eight vertices {x,i), {x®2\i), {x®2' J), 
{x e 2' © li , j) , (x © 2' © 2j , i) , (x © 2-'' , /) , {x © 2-'' , j) , and {x, j) , for each x in the range < x < 2' , each / 
in the range < / < «, and j = / + 1 (mod n). Note that e^j = e;c©2',i = ^x®2'®2ij ~ ^x®2i h ^i^d that each 
edge of CCCn belongs to exactly two cycles among the cycles and ex^i. This collection of faces defines an 
embedding of any cube-connected cycles onto a 2-manifold, regardless of whether n is odd; for instance the 
truncated cube shown in Figure [5] for CCC3 is a surface of this type. 

We may assign the cycles Cx a single color class. When n is even we may assign the cycles Cx.i two color 
classes: one containing cycles of the form e^f for even values of / and the other containing cycles of the form 
ex,i for odd values of /. This three-coloring of C (for even n) is an embedding of CCC„ onto an xyz surface, 
and therefore, by Theorem[T] CCC„ is an xyz graph. □ 
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Fig. 5. The cube-connected cycles of order 3, not an xyz graph because it contains triangles. 




Fig. 6. The permutohedron (left) and two xyz drawings of the corresponding Cayley graph (center and right). 
The center drawing is formed by connecting pairs of permutohedron vertices that differ by swapping consec- 
utive coordinates and affinely transforming so that the edges are perpendicular; the right drawing permutes 
the values of each coordinate to realize the Cayley graph as the skeleton of an orthogonal polyhedron. 

We have not determined whether the cube-connected cycles of odd order greater than three may be an 
xyz graph. 

Another important cubic Cayley graph is that of the symmetric group of permutations on four elements, 
generated by transpositions of adjacent elements. This graph is isomorphic as an unlabeled graph to the 
skeleton permutohedron, the convex hull of the 24 points formed by permuting the coordinates (1,2,3,4), 
lying in the three-dimensional subspacex+3'+z + w = 10 of R'* [16,24]; however, the labeling of vertices of 
the Cayley graph and permutohedron differs. If we place the 24 permutations at the corresponding vertices 
of the permutohedron, but connect them by a different set of edges, the ones defined by the Cayley graph, 
then the edges fall into three parallel classes (corresponding to the three Cayley graph generators). If we 
then transform the drawing affinely so that these three classes are perpendicular, the result is an xyz graph. 
Figure |6] shows the permutohedron, the resulting xyz drawing of its skeleton, and another xyz drawing in 
which we have permuted the coordinate values manually in order to reduce the number of crossings. A 
different Cayley graph for the same symmetric group, generated by the permutations (12) (3) (4), (13) (2) (4), 
and (14)(2)(3), is the 24-vertex symmetric graph shown later in Figure[9] 

Higher dimensional permutohedra have too many edges per vertex to be xyz graphs, but a different 
Cayley graph for the symmetric group 5„ is an xyz graph whenever n is an odd number greater than three. 
For any n, the symmetric group S„ may be generated by two generators: the permutation that swaps the first 
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Fig. 7. The truncated dodecadodecahedron, from Wikimedia Commons, originally uploaded to 
Wikipedia by Tom Ruen in October 2005 and created using Robert Webb's Great Stella software 
^http://www.software3d.com/Stella.html). The vertices and edges of this shape form a Cayley graph for 
the symmetric group ^5, with generators (12)(3)(4)(5) and (1)(2345); the faces in the figure are 3-colored, 
giving an xyz surface representation of the graph. 

two elements of an ?i-element sequence while leaving the remaining elements fixed, and the permutation that 
rotates the last n—\ elements of the sequence while leaving the first element fixed. For « = 3 this just gives 
a hexagon (not an xyz graph because each vertex only has two edges), and for « = 4 it gives the truncated 
octahedron (isomorphic as a graph though not as a Cayley graph to the cube-connected cycles). Thus, the 
first case in which it gives an xyz graph is « = 5 : this Cayley graph for 5,, can be represented geometrically as 
the skeleton of a uniform polyhedron, the truncated dodecadodecahedron (Figure [7]l, which has 30 square 
faces, 12 decagonal faces, and 12 star-shaped faces with ten vertices per face, interpenetrating each other to 
form a complex surface. The 3 -face-coloring by which the truncated dodecadodecahedron can be recognized 
as an xyz surface coincides with the partition of its faces into different shapes. 

To see that this Cayley graph for larger odd n, we need to examine the structure of Cayley xyz graphs 
more generally. A cubic Cayley graph may be formed from either of two types of generator set: three 
generators that are each their own group inverse elements, or two generators one of which is self-inverse and 
one of which is not. For instance, the permutohedron and the 24-vertex symmetric graph are formed from 
three self-inverse generators, while the cube-connected cycles and the truncated dodecadodecahedron have 
one self-inverse and one non-self-inverse generator. For a Cayley graph with three self -inverse generators, 
there is a natural partition of the edges into three matchings, where each matching consists of the edges 
formed by one of the generators; one may use Corollary [T] to determine whether this partition forms an xyz 
graph. For a Cayley graph with one self-inverse and one non-self-inverse generator, it is not so obvious how 
to determine a partition into matchings from the Cayley graph, but there does exist a natural set of faces 
formed by the generators: if a is the self-inverse generator and h is the other generator, then one can form 
faces of the form V and {ah)^ . That is, the faces of the form follow only the edges formed by generator 
h, repeating until the starting group element is reached; the faces of the form {ah)^ alternate between edges 
formed by the two generators, and always follow the ^-edges in the direction from a group element e to the 
element he, again repeating until the starting group element is reached. Every edge of the graph belongs 
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Fig. 8. The Dyck graph F32 and the double cover of the dodecahedron F40, two cubic symmetric graphs 
drawn as xyz graphs. 






Fig. 9. Construction of cubic xyz surfaces as tone quotients of the three-colored hexagonal tiling. 

to two different faces: the Z^-edges belong to both an (ab)^ face and a face, while the a-edges belong to 
two oppositely-oriented {ab^ faces. However, the result may not be an xyz surface: two {ab^ faces may 
have more than one edge in common, or it may not be possible to three-color the faces. One may test using 
Corollary [T] whether any set of faces formed in this way provides a representation of the Cayley graph as an 
xyz surface. 

In the case of the two generators for 5,,, when n is odd, the product ab of the two generators is the 
permutation that rotates the whole ?i-element sequence cyclically by one position. No two cycles of the form 
{ab)" can share more than one edge, and these cycles may be assigned two different colors according to 
whether the permutation that is cyclically shifted by the cycle is odd or even. The third face color may be 
assigned to the cycles b"^^. Thus, the Cayley graphs of this type generate ;t:3'z-surface representations of Sn 
for any odd n. 



7 Symmetric graphs 

Consider the set of points {x,y,z) in the k xk xk grid for which ;c + j + zisOorl (mod k). For k = 3 this 
produces an embedding of the Pappus graph onto the torus; this embedding is combinatorially equivalent 
to, but geometrically different from, the graph shown in the right of Figure [T] and the left of Figure |2] 
(A very similar embedding is given by Pisanski [23].) Each graph formed in this way for arbitrary k> 3 
is a symmetric graph; that is, it has a group of symmetries that acts transitively on incident vertex-edge 
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pairs. The graph F32 shown on the left of Figure [8] is the Dyck graph, a 32-vertex symmetric cubic graph 
embedded by the same construction with k = A. (Here F„ refers to the unique n-vertex cubic symmetric 
graph as listed in the Foster census [26] .) Visible near the equatorial plane of the Dyck graph drawing are a 
number of six- vertex cycles that are not faces of the con^esponding xyz surface (they use edges parallel to all 
three coordinate axes, while the surface faces are restricted to axis-parallel planes); this pattern persists for 
larger k, and if one analogously forms an infinite xyz. graph from the points in a three-dimensional grid with 
coordinates summing to or 1, the result is isomorphic as a graph to the hexagonal tiling of the plane [14]. 

A different construction for cubic symmetric xyz graphs is possible, based on the infinite tiling of the 
plane by regular hexagons. Three-color the hexagons of this tiling, choose a rhombus with angles of 7i/3 and 
271/3, having its vertices at the centers of tiles that are all the same color, and form a torus by gluing opposite 
sides of this rhombus together. The result, as shown in Figure |9] is an xyz surface. The graph embedded on 
this surface is symmetric, because we can transform any incident vertex-edge pair into any other such pair by 
a combination of translations and rotations by an angle of 7i/3. Note that this construction does not always 
produce a regular map, having symmetries taking any flag (incident triple of vertex, edge, and face) to any 
other flag; for instance, the surface for F42 shown in the upper right of the figure is not regular. The graph 
F24 shown in the upper left of the figure is another Cayley graph for the symmetric group on four elements, 
generated by the three permutations (12), (13), and (14). 

When n = 18^^ for some q, one can form an «- vertex symmetric graph using both of the constructions 
above, either by forming a torus from a rhombus containing n/2 hexagons, with sides parallel to the edges 
of the hexagonal tiling, or by using the set of points congruent to or 1 in a 3^ x 3^ x 3^ grid. Both graphs 
formed in this way are isomorphic, as may be seen using the equatorial hexagons described above for the 
kxk xk grid graph, but (except for /c = 1) the xyz graph embeddings resulting from these constructions are 
inequivalent: the xyz surface resulting from the k x k x k has fewer faces with more vertices per face than 
the torus formed from a rhombus in the hexagonal tiling. For instance the 72-vertex cubic symmetric graph 
F]2 may be represented as an xyz surface with 18 12- vertex faces (the points congruent to or 1 mod 6 in a 
6x6x6 grid) or with 36 6-vertex faces (a rhombus containing 36 hexagons). 

Figure [8] right, shows another cubic symmetric graph, F40, that does not fit into either of these construc- 
tions. F40 is the double cover of the regular dodecahedron; that is, it is the bipartite graph formed by making 
two copies of each dodecahedron vertex, colored black and white, and connecting the white copy of each 
vertex to the black copy of each of its neighbors. Its xyz graph representation has faces of three types: two 
decagons formed as the double covers of a pair of opposite dodecahedron faces, two more decagons formed 
from the double cover of the equator between those two faces, and ten octagons formed as the boundary of a 
pair of adjacent dodecahedron faces that lie on opposite sides of the equator. There are six ways of choosing 
two opposite faces from which the decagons are formed, and once that choice is made there remain two ways 
of choosing the octagons to form an xyz surface, so F40, viewed as a labeled graph, has 12 combinatorially 
distinct xyz surface representations. 

We applied our implementation of an xyz graph embedding algorithm to the Foster census of symmetric 
cubic graphs [26] and did not find any other xyz graphs of this type on 56 or fewer vertices. 

8 Planar graphs 

We may exactly characterize the planar xyz graphs. 

Lemma 3. Let G be a planar graph, and C be the family of face cycles of a planar embedding of G. Then 
any xyz surface representation ofG must have C as its face set. 

Proof. Suppose for a contradiction that there is an xyz surface representation of G with a different face set 
C'. Since every edge of G must remain covered twice by cycles in C', C' must contain a face / that does 
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not belong to C. By the Jordan curve theorem, / separates the plane in which G is embedded with face set 
C into an inside and an outside, each of which must contain edges or vertices of G since / is not itself a 
face of C. Let e be an edge of / that connects an interior component of the remaining graph with an exterior 
component, and consider the cycle /' in C' that contains e but is not /. /' contains a path connecting the 
endpoints of e that starts interior to / and ends exterior to /; by the Jordan curve theorem this path must 
cross /, and (as G must be cubic to have an xyz surface representation) when it crosses / it must do so 
by containing another edge of /. Thus, / and /' share at least two edges, violating the requirement of xyz. 
surfaces that each pair of faces share at most a single edge and contradicting the assumption that C' is the 
face set of an xyz surface representation of G. □ 

Theorem 8. Let G be a planar graph. Then G is an xyz graph if and only if G is bipartite, cubic, and 3- 
connected. If it is an xyz graph it has a unique representation as an xyz surface, up to permutation of the 
face colors of the surface. 

Proof. If G is a planar xyz graph, it must be cubic, and by Theorem|3]it must be 3-connected. By Lemma[3] 
its corresponding xyz surface is unique and must be topologically a sphere, so by Theorem |4] it must be 
bipartite. 

Conversely, suppose that G is a bipartite cubic 3-connected planar graph. By Steinitz' theorem G can 
be represented as the skeleton of a convex polyhedron; by convexity, every pair of faces meets in at most a 
single edge. Heawood [18] proved that the faces of any bipartite convex polyhedron can be 3-colored and 
this coloring provides an xyz surface representation of G. By Theorem[T] G is an xyz graph. □ 

Corollary 2. We may test in linear time whether a given planar graph G is an xyz graph. 

The bipartite 3-connected cubic planar graphs include all known cubic partial cubes [13] with a single 
exception, the Desargues graph, which is a cubic partial cube but is not planar and turns out not to be an xyz 
graph. 

9 Nonplanar graphs 

We have seen already a construction of cubic symmetric xyz graphs, in which we form a graph from the set 
of 2k^ points {x,y,z) in the kx kx k grid for which ;c + 3' + z is or 1 (mod k). This graph has 3k^ vertices, 
but only 3k faces (one for each axis-aligned plane) so the Euler characteristic of the xyz graph formed in this 
way is 3k — k^. 

If G and G' are xyz graphs, with designated vertices v and v', we may form the connected sum of G and 
G' by aligning the two graphs in so that v and v' coincide (and so that no pairs of vertices, one from G 
and one from G', lie on an axis-parallel line unless both vertices in the pair are adjacent to v and v') and then 
by removing v and v', leaving in their place a non-vertex point where the lines through three edges cross. 
The 14- vertex planar graph in the center of Figure [T] can be viewed in this way as a connected sum of two 
cubes. In terms of xyz surfaces, the connected sum operation can be viewed as cutting the two surfaces by a 
small disk surrounding each of v and v', and gluing the three faces surrounding this hole on one surface to 
the faces of corresponding colors surrounding the hole on the other surface, to form a handle connecting the 
two surfaces. By forming connected sums of tori and projective planes (the xyz graphs on the left and right 
of Figure [T]respectively), we may form xyz surfaces of any topological type. 

There is an alternative construction which also allows arbitrary surfaces to be represented as xyz surfaces: 
the graph encoded map (GEM) [4, 12]. Let G be any graph embedded on a 2-manifold in such a way that 
each face of the embedding is a topological disk bounded by a simple cycle of G. A flag of this embedding 
is a triple of a vertex, edge, and face that are all incident to each other, and the graph encoded map M of 
this embedding is a 3 -edge-colored cubic graph, having a vertex for each flag of the embedding of G. Two 
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Fig. 11. A graph that can be embedded on the torus as an xyz surface in two different ways. 



vertices of M are adjacent if the corresponding two flags differ only in a vertex, differ only in an edge, or 
differ only in a face; the edge coloring of M determines which type of difference each edge of M represents. 
M itself can be embedded on the same surface, with a 2^-cycle for each vertex of degree ^ in G or each face 
in G that is surrounded by k edges, and a 4-cycle for each edge of G. These cycles form an xyz surface, in 
which the color of a face in the GEM is determined by whether it represents a vertex, face, or edge in G, 
so M is an xyz graph. Figures [TO] depicts an embedded graph and its GEM; Figure |4]can also be interpreted 
as a GEM, for an embedding of the Mobius-Kantor graph on the double torus. GEMs can be distinguished 
among other xyz surfaces by the property that one of the three color classes of faces (the set of faces of the 
GEM that represents edges in G) consists only of quadrilaterals; any xyz surface with this property can be 
interpreted as a GEM of two dual graphs or multigraphs on the same surface, where the duality between the 
graphs is represented by exchanging the other two color classes of the xyz surface coloring. 

The 32-vertex graph shown in Figure 11 consists of eight "diamonds" of four vertices each, connected 
in pairs to form a cubic graph. The central colored rectangle of the graph denotes a surface that may be 
glued to itself along its boundary to form a torus; the left and right ends of the rectangle are connected to 
each other in the usual way, but the top and bottom ends are connected after a shift to form a brick wall 
pattern. Several vertices are drawn twice, both inside the rectangle and a second time outside it, to show 
the edges that cross these glued rectangle boundaries. The faces of the surface (eight diamonds and eight 
octagons) are colored, showing that it forms an xyz surface. One way to construct this embedding of this 
graph is to form a torus by gluing together the opposite edges of a 2 x 2 grid of squares, and then to form the 
GEM of the resulting map. However, the same graph may be drawn in two different ways, as shown in the 
figure. The left and right sides of the figure show two embeddings that are isomorphic as unlabeled graphs 
but nonisomorphic when the graph vertices are labeled, as they are in the figure, although they both have the 
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same sets of vertices and edges. The octagonal faces on the right-hand embedding form zigzag paths through 
the left-hand embedding: the blue faces correspond to cycles in the left embedding that zigzag from top left 
to bottom right, while the yellow faces in the right drawing zigzag from the bottom left to the top right of 
the left drawing. This second embedding is related to the first one by applying a half-twist to each of the 
edges connecting pairs of pink diamonds. Thus, the graph in the figure is an xyz graph in two different ways, 
showing that the uniqueness of xyz surface representations for planar graphs does not directly generaUze to 
other surfaces. 

The same brick wall construction works with larger Ak x Ik arrays of diamonds. In each case there 
is an obvious torus embedding and a less obvious embedding formed by zigzag paths. But for the larger 
graphs, the two embeddings are not isomorphic: the zigzag paths are longer and fewer in number, so the 
nonobvious embeddings have higher genus. Graphs with arbitrarily large numbers of distinct embeddings or 
even arbitrarily large numbers of embeddings with different genuses are also easily constructed by connected 
sums of these graphs. 

This ambiguously-embeddable graph will play a key role in our NP-completeness proof in Section 1 1 



10 Covering 

A covering of a graph G consists of a graph G, and a map / from vertices of G to vertices of G, such that 
(1) for each edge uv in H, f(u)f(y) is an edge in G, and (2) for each edge uv in G and each vertex u in 
f^^{u) there is a unique neighbor v of m with vinf^^{v). A covering of a map M consists of a map M and 
a continuous function / from M to M that maps vertices to vertices, edges to edges, and faces to faces, in 
such a way that the restriction of / to the underlying graph of M is a covering. A covering has finite ply if 
the inverse image of every point in G or M is finite; if G or M is connected and the covering has finite ply, 
then the inverse image of every point on a vertex or edge of the graph has the same cardinality, known as 
the ply of the covering. A covering is unbranched if every point of M has a neighborhood within which / 
is a homeomoiphism, and branched otherwise; in an unbranched covering, the number of edges of a face is 
the same in M as in its image in M, while in a branched covering, faces of M may correspond to faces with 
fewer edges in M. 

We have seen that not every graph is an xyz graph and not every map is an xyz surface. But, as we now 
show, every cubic graph may be covered by an xyz graph, and more generally that every cubic map may be 
covered by an xyz surface. To begin the proof, recall that a map is polyhedral if two faces of the map cannot 
intersect in more than a single edge. 

Lemma 4. Any cubic map without self-loops may be covered by a polyhedral cubic map in which every face 
has even length. 

Proof. Define a group G = Z^, where m is the number of edges in the given map, and label each edge in 
the map by a generator of G. Form a new map M xG that has one vertex or edge for each pair of a vertex or 
edge of M and an element of the group G; if v is a vertex of M, and vw is an edge of m labeled by a group 
element e, then the map M xG includes an edge from each vertex {v,x) to the vertex {w,ex). Form the faces 
of the map M x G as follows: if C is the cycle of edges forming a face of M, v is a vertex of M, and {v,x) is 
a vertex of M x G, then form a face in M x G that repeatedly follows edges in M x G corresponding to the 
edges of C, starting from (v,x), until it reaches (v,x) again. 

Then M x G is, by construction, a map that covers M. Every face in M x G has twice as many vertices 
as the corresponding face in M: traversing a cycle C once produces an element of G that is the product of all 
the generators labeling the edges of C, and traversing the cycle again cancels each of these generators. No 
two faces may have more than a single edge in common, for otherwise the two paths within the two faces 
connecting two minimally-distant shared edges would consist only of edges used an even number of times 
within each path, an impossibility in a cubic map. □ 
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The ply of this covering is large (2*"), but may be reduced by replacing the edge labels by randomly 
chosen elements of Zj, where k is proportional to the logarithm of the number of edges in the largest face of 
M, and applying the Lovasz Local Lemma. It may be necessary to use ply at least proportional to the number 
of vertices in M, as may be seen by considering the oriented map with one ?i-gon and one 2?i-gon (where n is 
a multiple of four) formed by adding n/2 edges connecting opposite pairs of vertices of the n-gon to form a 
Mobius ladder. In this map, the 2n-gon has n adjacencies to itself (on both sides of the n/2 diagonal edges). 
If / is a face corresponding to the 2n-gon in any polyhedral cover of M, the corresponding set of adjacencies 
must connect it to at least n different copies of itself. 

Define a perfect face cover of a map to be a set of faces that meets each vertex exactly once. If a cubic 
map is 3 -face-colorable, each of its three color classes forms a perfect face cover. A perfect face cover of 
a coimected map, if it exists, may be found in hnear time: form a graph H that has a vertex for each face 
of the map M, and connect two vertices f\ and /2 of H by an edge whenever there exists an edge uv of M 
where m € /i, v G /i, and uv belongs neither to f\ nor /2. if a perfect face cover exists, it must correspond to 
a connected component of H. 

Theorem 9. Any connected polyhedral cubic map M in which every face has even length has an unbranched 

cover by a connected xyz surface; the ply of the cover is at most six. Specifically, if M is already an xyz 
surface, then the ply is one. IfM is not an xyz surface, hut has a perfect face cover, then the ply is two. If 
M has no perfect face cover, but is orientable and has a bipartite underlying graph, then the ply is three. If 
M has no perfect face cover, but is not orientable and every orientation-reversing cycle in the underlying 
graph has odd length, then the ply is again three. And in the remaining cases, the ply is six. 

Proof. Form a sixfold cover M in which each vertex v of G is covered by six copies, one for each possible 
way of choosing distinct orientations in {xj^jz} for each of the three incident edges at v. Let each face / of 
G be covered again by six copies, one for each possible way of labeling the boundary by edges that alternate 
between two of the three orientations. These faces and vertices may be glued together to form a sixfold cover 
of M: there is only one way to glue the six copies of each of the three faces incident to a vertex v in such 
a way that each of the six copies of v gets edges of all three colors. This cover, however, may have more 
than one connected component. Due to the symmetry of the construction, the ply of the cover is exactly 6/c 
where c is the number of connected components. 

If M is an xyz surface itself, then this construction merely creates each possible 3-face-coloring of M, and 
there are six components for the six choices of coloring. Otherwise, there must be fewer than c components. 

Any M is not an xyz surface, but has a perfect face cover C, then we may 3-face-color a component of M 
by choosing one color for the faces in C and using the two remaining colors for the remaining faces. Each 
choice of a color for C must lead to a single connected component of M, for otherwise we would have six 
components as can only happen when M is an xyz surface. Thus, in this case, there are three components. 

If M does not have a perfect face cover, then in every connected component of M every face of M must 
have at least three preimages, one for each possible color that face may be given. However, M has two 
copies of each color of each face / of M, one for each of the two ways that faces of the other two colors 
may alternate around /. If M includes a path that connects both copies of some color of /, it has a single 
connected component; if it does not include such a path, then it has two connected components. Such a 
path must correspond to an orientation-preserving odd-length cycle or an orientation-reversing even-length 
cycle. Thus, M has two components if and only if no such cycle exists. If M is orientable, such a cycle 
exists if and only if the graph is nonbipartite. If M is non-orientable, and there is an orientation-preserving 
odd-length cycle, then traversing it together with an orientation-reversing odd-length cycle will produce an 
orientation-reversing even-length cycle, so M has two components if and only if there is no orientation- 
reversing even-length cycle. □ 
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Fig. 12. The connector gadget, part of an NP-completeness proof for xyz graph recognition. 




(a) (b) (c) (d) 



Fig. 13. Case analysis for Lemma |5j In each case the red letters denote the edge orientations that specify 
that case, the green letter (if present) denotes an arbitrary choice of orientation that may be made once the 
red orientations are set, and the blue letters denote edge orientations that are forced by the red and green 
orientations and the requirement that incident edges be perpendicular. 



This provides another proof of Heawood's theorem [18] that any planar polyhedral map with even-length 
faces may be 3-face-colored: a sphere can have no nontrivial cover, so the map whose existence is guaranteed 
by the theorem must fall into the ply-one case. 

Corollary 3. Any cubic map has a cover by an xyz surface, and any cubic graph has a cover by an xyz 
graph. 



11 Complexity of xyz graph recognition 

We will show that recognizing xyz graphs is NP-complete, via a reduction from graph 3 -color ability. Through- 
out this section, when we refer to the orientation of an edge, we mean the choice of which coordinate axis 
to make the edge parallel to in an xyz graph representation; this choice will correspond to the choice of a 
color in our 3-colorability reduction. Our reduction will connect together gadgets (certain cubic graphs) via 
connected sums. The key gadgets are the ambiguously embeddable torus from Figure [TTJ and another part 



of a cubic graph shown in Figure 12 which we call the connector gadget. 

The connector gadget, as drawn in the figure, can be viewed as part of a cylindrical piece of surface, in 
which the gadget partitions the surface of the cylinder into rings of three curved hexagonal faces; each such 
ring can be 3-colored. As we now show, that is the only possible way in which this gadget can be part of an 
xyz surface. 



Lemma 5. Suppose that the connector gadget shown in Figure 12 is a subgraph of some larger xyz graph 



G. Then in any xyz graph representation of G, the three edges entering the gadget from the left of the figure 
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must be mutually perpendicular and lie on three lines that all meet in a single point. Similarly, the three 
edges entering the gadget from the right of the figure must be mutually perpendicular and lie on lines that 
all meet at a single point. If the left three lines are A, B, and C (as shown top-down in the figure) and the 
right three lines are D, E, and F ( again, top-down ), then A and F must be parallel, B and E must be parallel, 
and C and D must be parallel. 



Proof. We examine cases, showing that in each case other than the one described the axis-parallel polygons 
of the drawing could not form an xyz surface. 

First, suppose that A, B, and C are all parallel to each other; by symmetry we may assume that they are 
parallel to the x axis, as shown by the red labels in Figure [T3ja). Then the hexagon to which these three 
edges attaches must have edges that alternate yzyzyz in one of two ways (the green and blue labels in the 
same figure), and the next three edges drawn as horizontal in the drawing must also be parallel to the x axis. 
Repeating this reasoning, all twelve horizontal edges in the drawing of Figure 12 must be parallel to the 
X axis. There would be six paths through this drawing labeled xyxyx or xzxzx, which must be part of axis- 
parallel polygons in any xyz surface for this drawing. But these six paths share 12 ;c-parallel edges, while 
they can be at most part of three xy-parallel and three jcz-parallel polygons, which can together share at most 
9 edges in any xyz surface. Therefore, if A, B, and C are drawn parallel, the drawing cannot form an xyz 
graph. 

Next, suppose that two of A, B, and C are parallel to each other, while the third is not. We may assume 
by symmetry that two (A and B) are parallel to the x axis while the third (C) is parallel to the y axis, as 
shown in Figure [T3|^b). Then, if we pick arbitrarily the orientation of one of the two edges connecting A and 
B, and then orient the remaining edges of the hexagon to which A, B, and C attach by choosing the only 
remaining orientation for an edge whenever two adjacent edges have already been oriented in perpendicular 
directions, we find that the edges around this hexagon must be oriented in the pattern (clockwise starting 
from the endpoint of C) xzyzyz or its reverse. This forces the orientation of the next three horizontal edges 
of the gadget to again have two edges parallel to the x axis and the third parallel to the z axis, and so forth 
from left to right across the gadget. There must then be two paths labeled xyxyxyx that extend from left to 
right across the gadget, and one path labeled xzxzxzx that also extends from left to right across the gadget; 
these three paths together share four x-parallel edges, but they belong to at most one xz-parallel polygon and 
at most two x3'-parallel polygons that can only share a total of two edges in any xyz surface. Therefore, in 
this case, we again fail to get an xyz graph. 

In the third case. A, B, and C are labeled differently from each other (without loss of generality they 
are labeled x, y, and z respectively, but the horizontal edge in the next layer of the gadget to the right that 
is farthest from A is not labeled x; without loss of generality its label is y, as shown in Figure 13 c). In this 
case, when we assign orientations to edges that are forced by having two perpendicular adjacent edges, as 
shown in the figure, we get two paths through the gadget starting from C that are labeled zxzxz and zyzyz, 
and that share both their starting and their ending edges; this would cause the corresponding two faces of 
any surface embedding to share two edges, impossible in an xyz surface. 

Finally, the only remaining case is that A, B, and C are labeled distinctly, and that each label matches the 
label of the opposite edge in the next layer of horizontal edges, as shown in Figure [TSjd). A, B, and C are 
mutually perpendicular, and form the boundaries of three mutually adjacent faces of the xyz surface along 
paths through the gadget labeled xyxy, yzyz, and zxzx. Since the three lines through A, B, and C lie on the 
intersections of the pairs of planes through these three faces, the three lines must meet at the point where 
these three planes meet. □ 



We will use this gadget in our NP-completeness reduction by attaching it to other gadgets via the con- 
nected sum construction: if G is a (possibly disconnected) cubic graph with designated vertices u and v, 
define a graph Gu,v by deleting vertices u and v from G, reconnecting the edges that were incident to u to 
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Fig. 14. Creating an xyz surface for Gu.v from an xyz surface for G. 
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Fig. 15. Schematic view of edge gadget: three connector gadgets connected sequentially via two flip gadgets. 



the left side of a connector gadget, and reconnecting the edges that were incident to v to the right side of a 
connector gadget. 

Lemma 6. The orientations of edges of Gu^v that come from valid xyz graph representations are in one- 
to-one correspondence with the orientations of edges ofG that come from valid xyz graph representations 
and that assign consistent orientations to the edges of G at u and at v ( where the notion of consistency is 
determined by the precise pattern of attachment of edges of G to the connector gadget in the construction 
of Gu^v In particular, Gu,v is an xyz graph if and only ifG has an xyz graph representation in which u and v 
are consistently oriented. 

Proof. From any xyz graph representation of G„ v, we may return to an xyz graph representation of G by 
deleting the connector gadget and replacing the deleted vertices of G at the points of incidence of the lines 
that the connector gadget edges lie on; these points of incidence are guaranteed to exist by Lemma |5] By 
Lemma |5| the edges of the connector gadget in Gu,v will be consistently oriented at u and at v, and this 
consistent orientation remains when we transform the xyz graph representation of Gu,v into an xyz graph 
representation of G. 

In the other direction, suppose that G has an xyz graph representation that is consistently oriented. Form 
the corresponding xyz surface, and transform it into an xyz surface representation of G„.v by cutting out 
a small disk from the surface surrounding u, cutting out another small disk surrounding v, and connecting 



these two disks by a cylinder with six colored faces, as shown in Figure 14 Since Guy has a valid xyz surface 



representation, by Theorem[TJ it corresponds to a valid xyz graph representation of Gu.v □ 



Theorem 10. It is NP-complete, given an undirected graph G, to determine whether G can be represented 
as an xyz graph. 
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Proof. Membership in NP follows from Theorem [5] To prove NP-hardness, we reduce from the standard 
NP-complete problem of graph 3-coloring. 

Thus, given a graph H, we wish to construct from it in polynomial time a graph G, such that G is an xyz 
graph if and only if H is 3-colorable. We do so by connecting together subgraphs of various types using the 
connector gadget described above. In our graph G, colors of vertices will be represented by the orientations 
of edges on connector gadgets. Specifically, if we label the three edges on one side of a connector gadget 
A, B, and C, then orientations with A parallel to the x axis will correspond to one color, orientations with 
A parallel to the y axis will correspond to a second color, and orientations with A parallel to the z axis will 
correspond to a third color. Thus, each color can be represented by two possible orientations, as we do not 
care which orientation is assigned to B and which to C. 

To represent a vertex in H with d incident edges, we use any cubic bipartite 3-connected planar graph 
with at least d vertices, for instance a (i/2-prism. By Theorem [S] each such graph has a representation as 
an xyz graph that uniquely orients the edges up to permutation of the coordinates. Let M be a matching in 
this vertex gadget consisting of edges that have the same orientation in the xyz graph representation of the 
gadget. We will attach connector gadgets to this vertex gadget in such a way that all connector gadgets have 
their A edges attached to edges of M. Therefore, all attached connector gadgets must represent the same 
color, which may be any of the three available colors. 

The next gadget we will use is the 32-vertex graph with two different toroidal xyz surfaces described 
in the previous section. Let u and v be any two vertices of this graph that are endpoints of an edge uv but 
do not belong to a 4-cycle in the graph. Then among the xyz graph representations of this gadget, if u has 
the triple of orientations {a,b,c) (where a is the orientation of edge uv), v may have either of the triples of 
orientations {a,b,c) or {a,c,b). We call this a. flip gadget as it allows us to flip the orientations of two of the 
edges without allowing the orientation of the third to change; we will attach connector gadgets at u and v. 

Our edge gadget is formed by the sequential attachment of a connector, flip gadget, connector, flip 
gadget, and connector (Figure [T5|). The right A edge of the first connector and the left A edge of the second 
connector are connected to the uv edge of the first flip gadget; the right B edge of the second connector is 
connected to the uv edge of its flip gadget, as is the left A edge of the third connector. It is straightforward 
to verify that this connection pattern allows the unattached of the connectors to be given any triples of 
orientations that represent different colors, but not to be given triples of orientations that represent the same 
color. 

Our overall construction of G from H is to create a vertex gadget for each vertex of H, an edge gadget 
for each edge e of H, and attach the free ends of the edge gadgets for e to the vertex gadgets for the endpoints 
of e. If H is three-colorable, we may form an xyz surface that corresponds to the coloring within each vertex 
gadget, and extend it to an xyz surface for all of G by repeatedly applying Lemma[6| therefore, in this case, G 
has an xyz surface and an xyz graph representation. Conversely, if G has an xyz surface, repeated application 
of Lemma [6] shows that each vertex gadget must be colored as if it were unattached, so we may determine 
from the xyz surface a color assignment by examining the orientation of the edges within each vertex gadget. 
Lemma[6]and the properties of the edge gadget we have constructed force this color assignment to be a valid 
coloring of H. 

Thus, we can reduce 3-coloring to testing whether a graph is an xyz graph, in polynomial time. Since 
testing for being an xyz graph is in NP, and 3-coloring is NP-complete, testing for being an xyz graph is also 
NP-complete. □ 

12 Conclusions 

We have studied examples, algorithms, topology, and complexity of xyz graph drawing. Our investigation 
opens up several avenues for further research: 
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- Our construction of an xyz graph from an xyz surface does not specify the ordering of the coordinate 
values associated with each face, so we may freely permute this ordering, giving drawings with different 
appearances for a single xyz surface representation. Figure [6] illustrates this: the most direct translation 
of the permutohedron to an xyz drawing has many crossings, while it is possible to find a different 
permutation of coordinate values that leads to a drawing with no crossings. How difficult is it, given an 
xyz surface, to find a permutation of coordinate values that minimizes the number of crossings? 

- Our construction of an xyz graph from an xyz surface assigns a unique coordinate value for each polygon 
in the surface, but in some cases it may be possible to reduce the number of distinct values needed 
in a drawing by sharing a coordinate between multiple faces. We may define the volume of a drawing 
(assuming integer coordinate values) as the product {jixy — l)(%z — l)(«xz — 1), where %y> and n^i 
denote the number of distinct coordinate values used by faces of the xyz surface parallel to each of the 
axis-parallel planes. For instance, again, in Figure |6] , there are four faces parallel to two of the planes 
and six faces parallel to the third, so the volume of a naively formed drawing would be 3 x 3 x 5 = 45, 
but both of the drawings shown only use five distinct coordinate values in the third direction, placing 
two polygons on the same plane and giving volume 36. How difficult is it to find the minimum volume 
xyz graph drawing of a given xyz surface? 

- The rightmost drawing of the permutohedron in Figure [6] shows it as the boundary of an orthogonal 
polyhedron (perhaps suitable for the design of a building). How difficult is it to determine whether such 
a representation exists for a given bipartite 3-connected cubic planar graph? 

- Our reduction from graph coloring to testing the existence of an xyz coloring produces graphs of high 
genus: if the graph to be colored has n vertices and m edges, the resulting xyz surface (if it exists) 
has genus 3m — n + 1. On the other hand, we saw that testing xyz graph representability is easy in the 
case of genus zero (that is, planar graphs). From these results we might speculate about the existence 
of a fixed-parameter-tractable algorithm for this problem. Is there an algorithm for finding xyz surface 
representations of a graph that is polynomial time for any fixed bound on the genus of the surface it 
finds? 

- For Cayley graphs with one self-inverse and one non-self-inverse generator, the difficulty in finding 
xyz graph representations is linked to the need to independently orient each cycle formed by the non- 
self-inverse generator. However, as these graphs are highly symmetric, it seems natural to hope that 
these cycles may be oriented in a symmetric way that avoids the need for testing all orientations of all 
cycles. Is there a Cayley graph that may be represented as an xyz graph only by orienting its cycles 
asymmetrically? 

- Kuperberg's example of the prism shows that our algorithm for testing xyz graph representability using 
all partitions of the graph into three matchings cannot be improved, unless we avoid some partitions. 
However, for the prism itself, there are many partitions that can safely be avoided: for an xyz graph 
representation, we cannot use any partition into three matchings that uses three different orientations 
in a single quadrilateral. One can also devise similar conditions that restrict the matchings in hexagons 
and other short cycles of a given graph. Can one take advantage of these forbidden configurations to 
eliminate some partitions into matchings earlier in the algorithm and reduce its running time? 

- In our discussion of graphs represented by the points with coordinates summing to or 1 in a ^ x x ^ 
grid, we briefly referred to a similar construction of an infinite xyz graph in an infinite three-dimensional 
grid, isomorphic to the hexagonal tiling of the plane, a graph treated in more detail in another paper [14]. 
To what extent can the correspondence between xyz graphs and xyz surfaces be generalized to infinite 
graphs? What is the most appropriate way of handling the infinite chains of edges parallel to a single 
coordinate plane that can arise in the infinite case? 

- Any xyz graph can (after a suitable perturbation of its coordinate values) be projected isometrically 
onto the plane in such a way that all edges are parallel to the sides of an equilateral triangle, and no line 
through an edge contains any other vertex. More generally, if we have any point set in the plane such that 
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Fig. 16. A point set such that hnes in three parallel families each contain zero or exactly two points, and the 
cubic graph derived from it. This graph is not an xyz graph, as it contains triangles. 



any line parallel to the sides of an equilateral triangle contains either zero or two points, we may define a 
cubic graph analogously to the three-dimensional definition of xyz graphs. However, these planar three- 



orientation graphs are somewhat more general than xyz graphs; for instance Figure 16 shows a graph 
that may be drawn in this way that contains triangles and is therefore not an xyz graph. To what extent 
may our theory be extended to these graphs? 
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